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Abstract. Recent experimental data on the dipole plasmon in axial sodium clusters Na} with 11 < N < 57
are analyzed within a self-consistent separable random-phase approximation (SRPA) based on the deformed
Konh-Sham functional. Good agreement with the data is achieved. The calculations show that, while in light
clusters plasmon properties (gross structure and width) are determined mainly by deformation splitting, in
medium clusters with NV > 50 the Landau fragmentation becomes decisive. Moreover, in medium clusters
shape isomers come to play with contributions to the plasmon comparable with the ground state one. As
a result, commonly used methods of the experimental analysis of cluster deformation become useless and
correct treatment of cluster shape requires microscopic calculations.

PACS. 36.40.-c Atomic and molecular clusters — 36.40.Gk Plasma and collective effects in clusters —

36.40.Vz Optical properties of clusters

1 Introduction

Optical absorption is a key analyzing tool in atomic and
molecular systems. It plays a crucial role in the study of
clusters since the early days of this field [1]. The prominent
feature in the spectra of metal clusters is the surface plas-
mon resonance (Mie plasmon) [1,2] and accordingly there
exists a large body of literature on that topic, see e.g. the
reviews [3-11]. The plasmon provides valuable informa-
tion about the underlying cluster geometry which greatly
influences cluster properties and is nowadays acquiring
relevance for applications [12]. In deformed clusters, the
dipole plasmon splits into two (axial shape) or three (tri-
axial shape) peaks corresponding to dipole oscillations
along principle axes of the cluster. The relative heights
of the peaks and energy intervals between them provide
information on sign and magnitude of the quadrupole mo-
ment of the cluster. In practice, the observed photoabsorp-
tion cross-section is approximated by one, two or three
Lorentzians, and thus the cluster shape is estimated as
spherical, axial or triaxial, respectively, see e.g. [3]. This
feature has been used to establish experimentally a sys-
tematics of deformation for Na clusters [13-15]. However,
the interpretation in terms of deformation is applicable
only if the deformation splitting dominates the gross-
structure of the plasmon. On the other hand, we know
that Landau fragmentation (the analog of Landau damp-
ing for the continues spectrum, defined as fragmentation
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of the plasmon collective strength over discrete particle-
hole states due to their coupling to the plasmon) becomes
increasingly important with growing cluster size [8,16,17]
and the density of isomers does also increase. It is the
aim of this paper to investigate theoretically the inter-
play between deformation splitting, Landau fragmentation
and isomeric states in the optical response of Na clusters.
To that end, we analyze recent photoabsorption data ob-
tained for cluster ions Naﬁ with 3 < N < 64 [15]. These
data cover several size regions of deformed clusters (sep-
arated by magic numbers N = 9,21,41 and 59) and thus
allow a systematic study of deformation effects in the op-
tical response.

There exist several approaches for the theoretical de-
scription of cluster structure and optical response, ranging
from fully fledged quantum-chemical methods for small
clusters [18] to a variety of time-dependent local-density-
approximation (TDLDA) versions (see the reviews [4,5,8,
11]). TDLDA is a reliable and yet affordable scheme which
has been successfully used for the dipole plasmon in
clusters since the early calculations of [2]. These first cal-
culations also used a simplified description of the ionic
background in terms of a jellium drop. The jellium ap-
proximation was often studied since and it turned out to
provide a reliable description of Na clusters. To be more
precise, the spectra of small Na clusters at very low tem-
perature (e.g. 40 K) display fragmentation pattern which
can only be explained when using detailed ionic back-
ground. These pattern fade away for larger clusters and
increasing temperature, which brings the optical response
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close to the one predicted by the jellium model [19]. We
thus employ the jellium model for the present study. It
may be a bit at the edge for the smallest clusters in
our sample but is certainly valid for the larger ones.
The optical response explores the regime of small am-
plitude oscillations. One thus works with the linearized
version of TDLDA which is often called random-phase-
approximation (RPA). Mind that we mean here an RPA
which includes exchange and correlations in the residual
interaction. Even though linearized, the RPA grows very
elaborate in medium sized deformed clusters. In recent
years, we have developed a separable approach to the
residual interaction in RPA. It consists of a sum of sepa-
rable terms which are determined uniquely by the given
residual interaction and which can be carried such far that
full agreement with the exact RPA results is achieved [16,
17,20,21]. We employ here the separable RPA (SRPA)
based on the Kohn-Sham functional for deformed clus-
ters [21]. The method has the advantages (i) to combine
the minimal RPA computational effort with high accu-
racy of the calculations, (ii) to treat on a microscopic level
Landau fragmentation, the value which is crucial for the
present study.

2 Calculation scheme

The electrons are described by the Kohn-Sham equations
using the exchange-correlation functional from [22]. The
ionic background is treated within the soft jellium approx-
imation [8] where the ionic density has a form
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pi(r) (1)

Axial quadrupole and hexadecapole deformations, do and
d4, are introduced through the angular dependent cluster
radius as

R(©) = Ro(1+ Z 52 Yx0(0))- (2)

A=2,4

Here Ry = CrsN/3: ry = 3.96 a.u. is the Wigner-Seitz
radius, the coefficient C' is adjusted to ensure volume
conservation [drp;(r) = N and p;y = 3/(47rd) is the
bulk density. The diffuseness of the jellium surface allows
to achieve a good reproduction of the empirical plasmon
frequency [8,23]. It can be justified by folding of a steep
jellium drop with a local ionic pseudo-potential [8]. In our
calculations the diffuseness parameter is chosen as o« = 0.8
which provides the correct global resonance position for
the clusters which had been measured at temperature
T = 105 K [15]. (The larger diffuseness a = 0.9—1.0 a.u.
as advocated in [8] applies to clusters at room tempera-
ture.) The appropriate equilibrium quadrupole (d2) and
hexadecapole (d4) axial deformations are determined by
minimization of the energy of the system [21].
Single-electron wave functions of the deformed Kohn-
Sham potential are expanded in the complete basis of
eigenfunctions of the same but spherical potential and the

spherical reference functions are represented on a radial
grid in coordinate space. The electronic temperature is
handled through thermal occupation weights.

The RPA calculations were performed in the frame-
work of the separable RPA (SRPA) using a systematic
expansion and unambiguous determination of the separa-
ble terms from the original residual interaction [21]. The
separable form dramatically decreases the computational
effort, which is highly welcome for deformed clusters where
we deal with a huge configuration space. At the same
time, SRPA has a numerical accuracy of involved RPA
methods [17,21]. SRPA based on the LDA Kohn-Sham
functional has been already successfully applied to the de-
scription of dipole response in spherical K, Na and Li clus-
ters [17]. In that study the pseudo-Hamiltonian technique
was exploited to take into account both local and non-local
effects of the ionic structure. The soft jellium approxima-
tion [8] used in the present calculations well simulates the
local pseudo-potentials which are known to suffice for Na
clusters [8,17].

The photoabsorption cross-section for 4 =0and p =1
branches of the dipole response is calculated as

c(Elpsgr o j) = D%y, 02 (3)
9  he
where (j|rY7,,|0) is the reduced matrix element of the E1p
transition from the ground state to the RPA state j.

The results are presented by two ways: (i) as verti-
cal bars for every RPA state to demonstrate the struc-
ture of the plasmon and Landau fragmentation, (ii) as the
strength function

o(BElp,w) = Z o(BElp; gr v jn(w — w;)

(4)

smoothed with the Lorentz weight
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with the averaging parameter A = 0.25 eV to simulate
a typical broadening of the plasmon (see details in [21]).
The latter presentation is convenient for the comparison
with experimental data. To simplify the analysis of the
gross-structure of the plasmon, we also present the sepa-
rate contributions to the strength function of u = 0 and
=1 modes of the plasmon.

3 Results and discussion

For our study we have chosen the clusters which, following
theoretical estimates [24-30], do exhibit neither triaxiality
nor octupole deformation but only even-parity axial de-
formations. These clusters, Naj;, Najs, Nafy, Nad., Naj;,
Nad}, Nadfy, Nal. and Nad, represent three size regions
separated by magic numbers N, = 20 and 40 (N, is the
number of valence electrons). Following ab initio calcula-
tions [31], Naj; has both octupole moment and triaxial
contribution. However, since this cluster is widely used as
a test for different models, we included it to the list for
the completeness.
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Table 1. Deformation parameters d2 and ds (Eq. (2)) and
moments (2 and S4 (Eq. (6)), calculated for the ground and
isomeric (in Naj,~Na,) states. For isomers the energy deficits
AEFE are given.

Cluster 02 04 (B2 B4 AE, eV
Naj, 0.355  0.25 044 041 -
Naf; 059  —0.19 047 —0.02 -
Nafy  -0.285 -0.09 -021 —0.02 -
Naj, 0.33 0.08 036  0.17 -
Nad; -021  0.02 —0.18 0.04 -
Nad, 0.22 002 023  0.06 -

-0.16 —0.07 -0.13 —0.04 0.018
Naf, 020  —0.03 0.20 ~0 -
-0.14 -0.09 -0.11 -0.06 0.016
Naf 0.18  —0.07 0.17 —0.05 -
—0.11  —0.07 —0.09 —0.05  0.020
Naf, 0.09  —0.03 0.09 —0.02 -
—0.07  —0.04 —0.06 —0.03  0.004

3.1 Deformation properties

Table 1 collects the deformation parameters and dimen-
sionless moments for the ground and isomeric states of
the clusters. Energy deficits of isomers as compared to the
ground states are also presented. The J, are the generat-
ing deformation as defined in equation (2). The multipole
moments (3 are expectation values of any given distribu-

tion and they are defined as
- d 2
, R= § f I‘po(I‘)’I" (6)
3 [drpo(r)

where A = 2,4 and py(r) is ground state density of valence
electrons. Unlike the §) which are defined only in connec-
tion with the deformed jellium model, the moments 3 are
more general and thus serve for a robust characterization
of the deformation and for comparison between different
models. The both definitions are tuned to agree for small
deformations.

We find that the equilibrium deformation in clusters
with 11 < N < 35 is characterized by a deep and distinct
minimum of the energy surface. The minimum lies consid-
erably below than for shape isomers. However, increasing
cluster size reduces the isomer excitation energy and so en-
hances the number of relevant isomers. According to this
trend, clusters with 51 < N < 57 display a first isomer
with a tiny energy deficit, just in reach of the experimental
temperature. In contrast to the prolate ground state, the
isomer is oblate. Figure 1 shows, as an example, the defor-
mation energy surface of Nagy where two distinct minima
are seen: the prolate ground state (62 = 0.20,04 = —0.03)
and oblate isomer (d; = —0.14, 64 = —0.09) with the en-
ergy deficit of 0.016 eV. Heavier clusters demonstrate more
isomers with a small energy deficit [21]. Apparently, such
isomers will be present in the thermal ensemble and con-
tribute their part to the observed optical strength.
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Fig. 1. Energy surface (in eV) of Naj, as a function of
quadrupole and hexadecapole deformations. The iso-energy
counters are separated by intervals 0.06 eV. Two distinct min-
ima are marked by crosses (the energies at the minima are
given in Tab. 1).

It worth noting that other jellium studies [27,29,30]
also predict prolate ground shape in the size region 51 <
N < 57. At the same time, the tiny values of the deficits,
obtained in our calculations, point out that the result is
fragile and more elaborate schemes can provide another
picture. Indeed, pseudopotential calculations [32] predict
for these clusters near spherical or slightly oblate shape
in the ground state. Such a difference is not significant
for aims of the present paper since our main intention is
to study a mutual contributions of different shapes to the
optical response rather than to determine the true ground
state deformations.

3.2 Optical response

The calculated optical response is compared with experi-
mental data [15] in Figures 2 and 3. Figure 2 covers pro-
late Naj;, Naf;, Naj, and oblate Naf, and Naj; clusters.
SRPA performs very well in comparison to the data. The
main characteristics of the plasmon (energy, deformation
splitting, contributions of p = 0 and g = 1 modes) are
reproduced correctly. It is worth to mention that the cal-
culations use jellium approximation (though soft) which
becomes questionable at low temperatures. The tempera-
ture T' = 105 K used in experiment [15] is about at the
edge of applicability of jellium approximation, at least for
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Fig. 2. Photoabsorption cross-section for the dipole plas-
mon in Naj,—Naj;. The deformation parameters are given in
boxes. The experimental data [15] (triangles) are compared
with SRPA results given as bars for RPA states (3) and as the
strength function (4) smoothed by the Lorentz weight. Con-
tributions to the strength function from g = 0 and 1 dipole
modes (the latter has twice larger strength) are given by dashed
curves. The bars are given in eV A2, See more details in the
text.

small clusters. However, our results show that the soft jel-
lium approximation is still good enough even at so low
temperature. The main deviations in the description take
place for Naj, where the experimental data reveal a rich
gross-structure of the plasmon. They may be excused by
the fact that it is the smallest cluster in our sample. But
the difference to well performing Naj; is too dramatic.
The more likely reason is that Naj, goes beyond an axially
symmetric approximation. Fully ionic structure optimiza-
tion shows that it has an octupole moment with strong tri-
axial contributions [31] (however, even these fully fledged
calculations have problems to reproduce the full spectral
pattern).

The smaller clusters shown in Figure 2 have a poor
Landau fragmentation. In Naf;, Najy and Naj,, the u =0
and g = 1 modes are formed, as a rule, by one prominent
resonance state. The heavier clusters in Figure 2 show al-
ready some Landau fragmentation. But the effect is week
and does not modify the gross structure of the response
which continues to be determined by the surface plasmon
and its deformation splitting. So, in this size region, the
gross-structure of the response can be directly used for es-
timation of the size and magnitude of cluster’s quadrupole
deformation.

The situation is much more complicated for the spec-
tra of Nad;—Nag, presented in Figure 3. First of all, these
clusters demonstrate strong Landau fragmentation, i.e.
the resonance strength becomes distributed over a bunch
of close-by RPA states. The overall shape of the optical
strength looks like in smaller oblate clusters, Naj, and
Na§5. It has form of a bump with a right shoulder. Just for
this reason three of these clusters, Naj;, Nady and Nag-,
have been interpreted in reference [15] as being oblate.
This is in contradiction with our results (see Tab. 1) and
other estimates within a jellium approximation [27,29,30],
which both predict prolate ground state shapes for these
clusters. The middle column of Figure 3 shows the spec-
tra for the oblate isomers. At the first glance, it is sur-
prising: both prolate ground and oblate isomeric states
yield optical strength of about the same form. And both
strengths reproduce about equally well the experimental
data. This puzzle can be solved if we analyze the contri-
butions of 4 = 0 and u = 1 modes to the right shoulder
of the plasmon. It is seen that this structure is not the
manifestation of ;1 = 0 mode alone as might be expected
(by analogy with clusters Naj, and Nad;) for oblate shape
but instead is provided by either ;1 = 1 mode alone (left
plots) or by both p =0 and p = 1 modes together (mid-
dle plots). This is in contradiction with a typical picture
for oblate systems. At the same time, this result can be
easily explained as an effect of Landau fragmentation. It
broadens the plasmon resonances so much that the defor-
mation splitting is overruled. Then it becomes clear why
the states with so different deformations result neverthe-
less in a similar plasmon profile. The nature of the right
shoulder is discussed in the next section. We will show
that this is a shell structure effect specific for a given size
region.

Figure 3 allows also to conclude that the plasmon
width, evaluated e.g., at its half maximum, is also mainly
determined by Landau fragmentation. This should be
taken into account while extracting from the complete
width their fractions provided by other physical mecha-
nisms (shape fluctuations, interband transitions, etc.).

The right column of Figure 3 shows the strength dis-
tribution built as a sum of ground-state and isomer contri-
butions, equally weighted. It leads to a better description
than for the ground state or isomer contribution alone.
This hints that most probably a mix of prolate ground
and oblate isomeric states determines the actual strength.
Such conclusion is supported by very low excitation en-
ergies of the isomers. One generally assumes that the
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thermal ensemble covers a large variety of shapes within
energetic reach of the given temperature and that incoher-
ent overlay of the strengths of each shape separately pro-
duces a large fraction of the observed plasmon width [33-
36]. In fact, the artificial width of 0.25 ¢V which we use
to smooth the spectra serves to account for small ther-
mal fluctuations about each minimum. The mix of the
ground state and first isomer is a first step towards a com-
prehensive isomer mix (which should include also triaxial
and parity-breaking shapes) and it seems to work already
fairly well for the present examples. The effects discussed
here will thus grow in importance when going to larger
clusters.

Altogether, the analysis given above shows that in de-
formed sodium clusters with 50-60 atoms the profile of
the plasmon cannot be directly used to deduce the clus-
ter quadrupole deformation. The usual practice to ap-
proximate the measured optical response by one, two or
three Lorentzians and thus to conclude on spherical, axial
or triaxial shape of the cluster becomes dubious. Only
microscopic calculations taking into account the inter-

weighted contributions
(right). See Figure 2
for more notations.

play of all main physical ingredients can properly treat
the gross-structure of optical response and estimate (in-
directly) cluster deformation This statement applies for
heavier clusters as well. Calculations for deformed clus-
ters with V > 60 show that number of isomers with small
energy deficit increases with the cluster size [21]. And sys-
tematic calculations of the optical response in spherical Na
clusters show that Landau fragmentation increases with
cluster size, gets a maximum at about N = 102 atoms
and then decreases [16]. The same trend seems to be nat-
ural for deformed clusters as well and then our conclu-
sions for Naj;~NaZ, can be enlarged for much bigger size
region with N up to 103. In all these deformed clusters
the optical response is predicted as a broad bump with
a vague gross-structure where both, gross-structure and
width, should be mainly determined by Landau fragmen-
tation. Triaxiality and octupole deformation further en-
tangle the situation. Altogether, this means that in most
of deformed clusters, except of small ones with N < 40,
the measured characteristics of the dipole plasmon cannot
be directly used for estimation of cluster shape.
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Such scenario should be revised for clusters with N >
10 when Landau fragmentation starts to decrease to ex-
tinct finally in the bulk limit. Besides, we gave the argu-
ments for free clusters. Supported clusters demonstrate,
at sufficiently big size, oblate shape and distinctive defor-
mation splitting of the dipole plasmon [12].

For clusters in the range just above N = 40, there is
one more chance to extract deformation by adding fur-
ther empirical data. A promising chance is provided by
photo-electron spectroscopy (PES) which gives informa-
tion on the occupied single electron states. Just recently
we have become aware of very systematic and detailed
photo-emission spectra for positively charged Na clusters
which span a broad range of sizes [37]. A theory-assisted,
combined analysis of photo-absorption and PES data can
allow to carry the deformation analysis beyond N = 40.

3.3 The right shoulder in optical response

There had been attempts [30] to explain the right shoulder
in the optical response of Nag,~Naj- since the experimen-
tal observations of [14]. We will try to sort out the ar-
guments here. The structure cannot be related to the vol-
ume plasmon resonance since this mode lies with ~6 eV at
much higher energy. One may think that the right shoul-
der is caused by the secondary surface plasmon observed
at flat metal surfaces, see [38] and references therein. (This
mode is also called as the multipole surface plasmon where
the term “multipole” reflects nonzero number of poles in
the dynamically induced charge density. The Mie plas-
mon is “monopole” in such terminology.) The mode can
be reconstructed in finite clusters by a purely collective
electron dynamics. However, it is expected to have little

are well distinguished at 0.7-1.7 and
2.5-3.5 eV.

dipole strength and to be heavily fragmented. Thus it is
very unlikely that we see a secondary plasmon here.

Last not least, we find that this particular shoulder ap-
pears preferably in the range of clusters with N ~ 40— 90.
This is supported by systematic calculations for singly
charged spherical clusters [16,17] which consistently re-
veal a prominent right shoulder in spectra of K, Na and
Li clusters in this size region but not for smaller or heav-
ier clusters (do not confuse a strong right shoulder with
a long high-energy tail typical for heavy clusters). This
structure is well distinctive in Na and Li clusters and less
in K ones. It now happens that the bunch of 1ph exci-
tations with AN = 3 (N is the principle quantum shell
number characterizing ordering the shells in cluster mean
field) contacts the surface plasmon just in that size range.
This is demonstrated in Figure 4 which exhibits the unper-
turbed (without the residual interaction) dipole strength.
The strength is well split into AN = 1 and 3 bunches
which correspond to electron transitions from occupied
N-shell to unoccupied (N + 1)- and (N + 3)-shells, re-
spectively. In the size region N = 50—60, these bunches
are placed at 0.7-1.7 and 2.5-3.5 eV. The bunching takes
place for both p = 0 and 1 modes and for both prolate
and oblate shapes. The deformation somewhat spreads
the bunching but it remains distinctive. Switching of the
shapes, from prolate to oblate, changes mutual positions
of the modes but not the picture in general. It is impor-
tant to note that the center of the AN = 3 bunch lies
above the Mie plasmon frequency of 2.7 eV. The plasmon
interacts with AN = 3 excitations and donates them a
part of the collective strength. The bias of the redistribu-
tion of strength is up in energy and this creates the right
shoulder.
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The process is illustrated in more detail in Figure 5.
The figure shows the optical response with systematically
increasing residual interaction, from ¢ = 0 (= no resid-
ual interaction) to ¢ = 1 (= full residual interaction). The
photoabsorption strength is drawn with smaller artificial
width of A = 0.15 eV to make structure effects better
visible. It is seen that the Mie plasmon demonstrates a
clear two-bump structure as long as it stays far away from
AN = 3 excitations (the plots for ¢ = 0.3—0.6). This is the
mere collective splitting. The ¢ = 0 and 1 modes are well
peaked since the plasmon passes an energy region without
particle-hole states thus rendering Landau fragmentation
negligible. At ¢ = 0.8—1.0 the plasmon approaches the re-

gion with dense AN = 3 spectra but still does not cover
it. Strong interaction with AN = 3 states results in two
effects: Landau fragmentation of the plasmon at the left
flank of AN = 3 spectra and, simultaneously, the pump-
ing some strength to the center of the bunch of AN = 3
states. Such pumping results in the bump at 3.1 eV and, fi-
nally, in the right shoulder in the observed optical spectra.
It worth noting that the the right shoulder is not seen
in smaller clusters since there the energy interval between
AN =1 and 3 bunches is large and the plasmon does not
reach the AN = 3 spectra. Vise versa, in heavier clusters
the center of the AN = 3 bunch crosses the plasmon peak
which removes the bias to higher energies. At the time
it comes out below the plasmon frequency, the density of
states (including higher bunches with AN > 5) is so large
that any structures are smoothened or are at most acci-
dental. In that size range one generally sees a long high-
frequency tail in the spectra, which is due to the general
rule that the density of states increases with increasing
energy (see detailed discussion on shell structure effects
in optical spectra in [17,39]. Thus we conclude that the
right shoulder is a particular case of biased Landau frag-
mentation applying to a particular size region.

4 Conclusions

A fully self-consistent microscopic approach based on lin-
earized TDLDA (= RPA) was applied to the description
of recently measured optical response in axially-deformed
singly charged sodium clusters with 11 < N < 57 [15]. Ac-
tually, a separable approach to RPA was used which relies
on a systematic and parameter-free expansion thus repro-
ducing full RPA arbitrarily well. Good agreement with the
experimental data was achieved. The measurements [15]
have been done at rather low temperature, T = 105 K.
Nevertheless, soft jellium approximation used in our cal-
culations turned out to be accurate enough to provide cor-
rect description even for small clusters (with the exception
of Naf;) in our sample.

The calculations show that in light clusters with N <
40 the dipole plasmon exhibits a typical two-peak struc-
ture reflecting the deformation splitting. Landau fragmen-
tation is here very modest. In the heavier clusters, Nad;—
Na;}, the dipole spectra have a form of a broad bump
with a shoulder on the high-energy side. The shoulder
can be explained as a shell structure effect pertinent for
this size region. The deformation splitting in these clus-
ters is masked by strong Landau fragmentation which
inhibits a direct determination of ground state deforma-
tions from the spectra. The calculations predict in Nad;—
N ag} prolate ground states and oblate shape isomers with
very small energy difference. Both prolate ground and
oblate isomeric states have surprisingly similar form of
the optical strength distribution. This again is due to the
large Landau fragmentation which overlays the deforma-
tion splitting. Actual experiments deal with a thermal
ensemble of isomers. And indeed, a mix of prolate and
oblate spectra performs very well in comparison to data.
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But, much unlike small clusters, we see here Landau frag-
mentation as the most important effect for the width and
gross structure. We expect a similar scenario for heav-
ier deformed clusters with sizes up to N ~ 10° atoms.
As a consequence, a direct determination of ground state
deformation through optical response is inhibited for Na
clusters with NV > 40.
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